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The environment of an open quantum system is usually modelled as a large and complex many-
body quantum system. However, the question of how large and complex this many-body quantum
system must be in order to play the role of a genuine environment and thus generate decoherence
is an often elusive key-point in the literature. In this work, by studying the reduced dynamics of
a spin connected to a 1D Ising spin chain, we show that the physical mechanism responsible for
generating decoherence on the reduced spin relies mostly on the chaotic behaviour of the chain. More
interestingly, even in the case of an extremely short spin chain composed of two spins, by analyzing
the decoherence dynamics of the reduced system we are able to reproduce the whole integrable to
chaos transition. Finally, we discuss implications on quantum control experiments and show that
quantum chaos reigns over the best degree of control achieved, even in small chains.
Introduction. Nowadays there is no discussion that in
order to design universal quantum technologies to process
quantum information effectively we must know how to
deal with decoherence. This detrimental but unavoid-
ably effect arises from the fact that in realistic scenarios
quantum systems are not isolated but in touch with their
surroundings. As a consequence, tons of effort and re-
search have been put into understanding how to model
this system-environment interaction and decipher what
does ’in touch’ and ’surrounding’ exactly mean [1–4].
One of the most common hypotheses in this context is
to consider the environment as a much larger quantum
system than the system of interest. However, the real
world might not be that simple in the sense that time
scales introduced by the coupling to the outside world can
be much slower than the time scales dictating internal
equilibration, depending on how well isolated the open
quantum system is [5]. For instance, many of the experi-
ments that are done today consist of working on a few well
isolated qubits and executing controlled operations on
some of them [6–10]. In this scenario, one might wonder
whether the set of qubits that are not being controlled, by
interacting with the qubits that are, may affect controlla-
bility in the same sense that a large environment usually
does. Within certain regime, these few qubits could be
acting as an effective environment over the reduced sys-
tem that is being addressed. Therefore, the question of
how small and simple this environment could be to act
as such and generate decoherence is absolutely relevant,
not only from a fundamental point of view but also from
the experimental side.
In the particular case of an isolated many-body quan-
tum system, where the dimension of the Hilbert space is
sufficiently high, this issue may be partially approached
from the perspective of the Eigenstate Thermalization
Hypothesis (ETH) [5, 11–15]. In addition, the role of both
Random Matrix Theory (RMT) and quantum chaos in
the process of thermalization has been proven as crucial
within the literature [16–19]. Nevertheless, if we consider
the opposite limit, where the many-body quantum system
is not sufficiently large, both quantum chaos and decoher-
ence seem certainly elusive to define. The study of this
particular limit is the main purpose of our work.
In this Letter, by analyzing the reduced dynamics of
a single spin connected to a 1D Ising spin chain, we
focus on the requirements that this chain must fulfill in
order to act as an effective environment and generate
decoherence. Under this framework, our findings show
almost an exact correspondence between the degree of
decoherence suffered by the reduced system and how much
chaos is present within the dynamics of the chain, i.e. the
more chaos the more decoherence. More notably, just
by studying the purity degradation of the reduced spin
system, we are able to reconstruct the whole integrable
to chaos transition even in the case of extremely short
spin chains composed of two spins. We believe that the
implications of our findings are two fold. First, since
our method does not require to consider a large Hilbert
space nor to determine a whole set of symmetrized energy
eigenstates [20–22], it constitutes a novel and easy way
of sensing the chaotic behaviour in complicated many-
body quantum systems, which may be of experimental
interest due to its simplicity [23–27]. Secondly and more
important, we also argue that this result has relevant
implications in quantum control experiments. As we show
at the end of our Letter, the optimal fidelities achieved
for a simple control task over the reduced system strongly
depend on the chaotic behaviour of the chain. In other
words, the degree of control is subordinated to the degree
of chaos present within the effective environment, even if
the latter is small.
The physical system under consideration has no well-
defined semiclassical limit and consists on a 1D Ising spin
chain with nearest neighbor (NN) interaction and open
boundary conditions, described by the Hamiltonian
H = −
L∑
k=1
(hxσˆ
x
k + hzσˆ
z
k)−
L−1∑
k=1
Jkσˆ
z
kσˆ
z
k+1, (1)
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2where L refers to the total number of spin-1/2 sites of the
chain, σˆjk to the Pauli operator at site k = { 1, 2, ..., L }
with direction j = {x, y, z }, hx and hz to the strength
of the magnetic field in the transverse and parallel direc-
tion, respectively, and finally Jk represents the interaction
strength within the site k and k + 1. In general, we will
consider equal couplings, i.e. Jk = 1 ∀ k = {1, 2..., L− 1},
situation in which the system presents a symmetry with
respect to the parity operator Πˆ. This implies that the
spanned space is divided into odd and even subspaces
with dimension D = Dodd + Deven (Dodd/even ≈ D/2).
However, since in a realistic scenario couplings may be
different due to some experimental error, we will also
analyze the case with different values for Jk and show
the robustness of our result. In regards to the initial
conditions, we will consider an initial pure random state
as |ψ(0)〉 = |ψ1〉 |ψ2〉 ... |ψL〉, where each spin at site k
initially points in a random direction on its Bloch sphere
|ψk〉 = cos
(
θk
2
)
|↑〉+ eiφk sin
(
θk
2
)
|↓〉 , (2)
with θk ∈ [0, pi) and φk ∈ [0, 2pi). Note that this ensemble
of initial states maximizes the thermodynamic entropy
and consequently equals to a situation of infinite tem-
perature [28]. From now on, we will take as the reduced
system the first spin of the chain and consider the rest as
an effective environment. For example, a case with L = 3
will represent a situation of a single spin acting as an open
system and coupled to an effective environment of only
two spins. This may sound too simple but we remark that
a recent experiment was able to capture chaotic behaviour
on a 4-site Ising spin chain by measuring Out-of-Time
Ordered Correlators (OTOC’s) of local operators on a
nuclear magnetic resonance quantum simulator [26].
In order to fully characterize the integrable to chaos
transition, beyond considering either the short or long
time behavior of the OTOC [20, 29], the standard proce-
dure requires the limit of a high dimensional Hilbert space
and the separation of the energy levels according to their
symmetries [30–32]. This may demand huge numerical
effort or even be quite laborious to implement experimen-
tally. Within all the standard chaos indicators used in the
literature, in this work we will restrict ourselves to the
so-called distribution of min(rn, 1/rn), where rn refers to
the ratio between the two nearest neighbour spacings of
a given level. More explicitly, by taking en as an ordered
set of energy levels, we can define the nearest neighbour
spacings as sn = en+1 − en. With this nomenclature, it
was proposed the following measure to gauge the presence
of chaotic behavior [33–35]
r˜n =
min(sn − sn−1)
max(sn − sn−1) = min(rn, 1/rn), (3)
where rn = sn/sn−1. As the mean value of r˜n
(min(rn, 1/rn)) attains a maximum when the statistics is
Wigner-Dyson (IWD) and a minimum when the statistics
is Poissonian (IP ), we can normalize this quantity as
η =
min(rn, 1/rn)− IP
IWD − IP . (4)
The parameter η quantifies the chaotic behaviour of the
system in the sense that η → 0 refers to an integrable dy-
namics while η → 1 to a chaotic one. While η is based on
the spectral properties of the entire system and requires to
analyze separately even and odd subspaces, we will show
that by studying the decoherence dynamics of a single
spin we will be able to reconstruct the whole structure
of the regular to chaos transition, even in the case of an
extremely short spin chain and without resorting to any
classification according to the energy level symmetries.
As a first approximation to the problem posed, let
us focus first of all on how the purity of a single spin
behaves in a typically integrable and chaotic regimes.
With this purpose, we will solve the Schrödinger equation
numerically for the whole system ρ(t) and then trace
over the environmental degrees of freedom, calculating
the purity within the reduced density matrix ρ˜(t) for the
first spin of the chain. This is precisely what is shown
in Fig. 1, where we plot the purity P(t) = Tr{ρ˜2(t)}
as a function of time, considering different sizes for the
environment and both chaotic and integrable regimes.
Figure 1. Left panel : Purity of the reduced system as a function
of time (in units of J−1) for different sizes of the environment
and within different regimes. While the two solid curves show
the case of L = 8, the dotted ones the case of L = 11. Color
orange refers to an integrable regime (hz = 2.5) and violet to
a chaotic one (hz = 0.5). For all curves, the initial state is a
pure random state for each individual spin. The rest of the
parameters are taken as hx = 1 and Jk = 1 ∀ k = {1, 2..., L−1}.
Right panel: Time evolution of the reduced spin represented
in the Bloch sphere, considering the case of L = 11 and both
integrable (orange squares) and chaotic (violet circles) regimes.
From Fig. 1 we can see that while in the chaotic regime
decoherence washes out the purity of the system, leading
to a state of almost maximum uncertainty, this is certainly
3not the case for the integrable regime, where the purity
oscillates periodically around a mean value much greater
than 1/2. Let us remark that the same systematic was
observed setting different interaction parameters, initial
states, environmental lengths and considering different
spins of the chain as the reduced system.
Having this qualitative picture in mind, we now intend
to measure the effect of decoherence in a more quanti-
tative way. To do so, we will focus again on the purity
degradation suffered by our reduced spin system ρ˜(t) after
a sufficiently large time interval, but now by considering
an average purity defined as
P = 1
N
N∑
i=1
(
1
T
∫ T
0
Tr
{
ρ˜2i (t)
}
dt
)
. (5)
In the expression above, we first make a temporal aver-
age over the purity of a particular ρ˜i(t), defined by a given
random initial state, and then we repeat this procedure
for N different initial random states, to finally perform a
global average over all realizations. At the same time, in
order to compare the averaged quantity P with the chaos
measure introduced in Eq. (4), we define a normalized
average purity as
PNorm = P −min (P)
max (P)−min (P)
(
0 ≤ PNorm ≤ 1
)
.
(6)
With this definition, we have now all the necessary
ingredients to raise up the following question: how does
the purity degradation of the reduced system behaves as
a function of the degree of chaos present in the rest of the
chain? To address this issue, in Fig. 2 we plot the chaos
indicator η for a large chain composed of L = 14 spins
(D = 16384) together with the average purity PNorm of
the reduced system for different sizes of the total spin
chain, both as a function of the magnetic field hz.
Interestingly, the behavior of the average purity of the
reduced spin is quite similar regardless of the length of
the environment. In fact, there is a well distinguished
area within all the curves where the purity degradation is
maximal. By comparing with the curve given by 1−η, we
can clearly see that this region coincides almost perfectly
with the region where chaos reigns, i.e. (1 − η) → 0.
Quite remarkably, this is true even in the case when the
environment is extremely short (D = 8), where we can
observe a precise correspondence with the exception of a
small deviation near hz ∼ 0.5. This little deviation can be
smoothed by either taking more realizations over different
sets of initial states or slightly increasing the size of the
environment by one spin (not shown).
Various implications emerge from the analysis of Fig. 2.
In first place, by using one spin as a probe and studying
its purity dynamics, we were able not only to sense the
chaotic behaviour present in the rest of the chain, but also
to reconstruct the full integrable to chaos transition with
Figure 2. Main plot: Normalized average purity PNorm for the
reduced system considering different sizes of the environment
together with the chaos parameter 1− η, both as a function
of the magnetic field hz. For the computation of PNorm, 50
different realizations over random initial states were considered.
For the calculation of 1 − η, a chain composed of L = 14
spins (D = 16384) was selected and only the odd subspace
was taken into account (Dodd ≈ 8192). Parameters are set
as T = 50, hx = 1 and Jk = 1 ∀ k = {1, 2..., L − 1} with the
exception of the violet crossed curve where Jk ∈ [0.5, 1.5]∀ k =
{1, 2..., L− 1}. Inset plot: Same as the main plot but without
normalizing the average purity (i.e. P, see Eq. (5)).
a great degree of correspondence in comparison to other
standard indicators of chaos. However, while the usual
methods require a full diagonalization and classification
of eigenenergies according to their symmetries within
huge dimensional subspaces (see Supplemental Material),
we have obtained the same results without requiring the
above and even in much smaller subspaces. Moreover, the
average over different realizations of the purity proved to
be robust not only to the size of the environment, but also
to whether we consider equal couplings or even a random
set of Jk modelling some hypothetical experimental error
(see violet crossed curve in Fig. 2). A final interesting
point to remark from the simulation is that when a small
fraction from a large chaotic system is selected, some
memory of the universal nature of the latter survives.
Keeping in mind the results presented so far, let us now
examine the following hypothetical situation: consider
an experimental scenario where it is possible to well-
isolate from the external environment a 1D spin chain
but also where some particular spin of this chain can
be externally controlled. For instance, consider a time-
dependent Hamiltonian
H = −
L∑
k=1
(hxσˆ
x
k + hzσˆ
z
k)−
L−1∑
k=1
Jkσˆ
z
kσˆ
z
k+1 +λ(t)σˆ
z
1 , (7)
where λ(t) is a control field that can be experimentally
tuned. Thus, it is possible you may want to implement
4some particular protocol over the spin you are able to
control. For example, consider a population transfer pro-
tocol, where the first spin of the chain has to be addressed
from the pure initial state |ψ(0)〉 = |0〉 to the final target
state |ψtarg〉 = |1〉. To do so, the time-dependent con-
trol field λ(t) must be optimized to maximize the fidelity
F = |〈ψ(T )|ψtarg〉|2 at a given final evolution time T .
In light of the results we presented before, you may be
wondering the following question: is the maximum degree
of control achievable subordinated to the degree of chaos
present within the non-controlled environmental spins?
In order to answer such a question, we take the control
function λ(t) as a vector of control variables λ(t) →
{λl} ≡ ~λ, i.e. a field with constant amplitude λl for
each time step. By dividing the evolution time T into 16
equidistant time steps (l = 1, 2, ..., 16), the optimization
was performed exploring several random initial seeds and
resorting to standard optimization tools [36]. In Fig. 3
we plot the optimal fidelities achieved for our population
transfer protocol, as a function of the magnetic field hz
and for two different lengths for the total spin chain.
Figure 3. Main plot: Optimal fidelities achieved for a popu-
lation transfer protocol over the first spin of the chain, as a
function of the magnetic field hz. The dashed curve represents
a case of L = 6 spins and the solid one a case with L = 9
spins. Interaction parameters are set as T = 20, hx = 1 and
Jk ∈ [0.5, 1.5]∀ k = {1, 2..., L − 1}. The initial state is |0〉
for the first spin of the chain and random for the rest of the
system (see Eq. (2)). Only one realization for a single initial
state and a random set of Jk was considered. Inset plot: The
same optimal fidelities of the main plot but as a function of
the chaos parameter η.
Interestingly, we can conclude from Fig. 3 that the
optimal fidelities achieved for a simple control problem,
such as a population transfer protocol for the first spin
of the chain, end up being very sensitive to the degree
of chaos that is present within the rest of the spin chain.
In fact, from the main plot we can see that the optimal
fidelities behave quite similarly to the chaos parameter
1− η, as a function of the magnetic field hz (see Fig. 2).
Accordingly, in the inset of Fig. 3 we plot the optimal
fidelities obtained in the main plot but now as a function
of the degree of chaos associated to the specific strength of
the magnetic field hz (see again Fig. 2). By doing this, it
is clear that the more chaos, the worse control. This last
statement clearly relates to what we have been discussing
before, in the sense that a greater degree of chaos is also
associated with a stronger decoherence. Therefore, this
means that the non-controlled system is acting as an
effective environment for the spin that is being actively
controlled and we argue that even in the case where
this effective environment is small, its dynamics should be
carefully tuned in order to minimize decoherence and thus
improve the degree of control over the reduced system
that is being addressed.
Concluding remarks. The goal of this Letter was to
deepen into the interplay between decoherence, quantum
chaos and optimal control in the limit of a not sufficiently
high dimensional Hilbert space. Our main motivation
was to analyze wether in realistic experiments, where a
given many-body quantum system can be well-isolated
from the external environment, decoherence can still arise
due to the internal degrees of freedom of the system. In
this context, by studying the purity dynamics of a spin
connected to a 1D Ising spin chain, we found that its purity
degradation can be used as a probe to sense the chaotic
behaviour present within the rest of the chain. Quite
remarkably, we show that a greater degree of decoherence
is always associated with a more chaotic region, which
allowed us to reconstruct the whole integrable to chaos
transition even in the case where the environmental chain
is merely composed of two spins. Our findings open an
interesting question regarding the definition of quantum
chaos, considering that when a small fraction from a large
chaotic system is selected, some memory of the universal
nature of the latter seems to survive. We argue that this
last statement has also practical implications in quantum
control experiments, as we have discussed in the last
part of our work. For instance, by considering a simple
protocol over a spin subject to a control field that can
be experimentally tuned, we show that the best control
achievable for this spin is a function of the degree of chaos
present within the effective environment to which it is
coupled. Consequently, in realistic experiments where a
control task is sought over a reduced part of a system
that is not necessarily large but that nevertheless presents
signatures of quantum chaos, the interaction parameters
must be carefully adjusted to avoid the chaotic regime
and thus achieve a better performance of the control.
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1Supplemental Material
SENSITIVITY OF STANDARD INDICATORS TO THE DIMENSION OF HILBERT SPACE
It is well-known that the usual chaos indicators are quite sensitive to the dimension of the Hilbert space considered.
Indeed, laborious diagonalizations over large subspaces are required to have reasonable statistics of the energy levels.
For instance, to calculate 1− η (see Fig. 2) we have resorted to a diagonalization within a dimension of D = 16384
eigenstates and then classified them according to their symmetries. Despite the huge dimension used for the calculation,
this measure has the disadvantage of still being a bit noisy. As it is shown in the left panel of Fig. S1, this noise is
quite sensitive to the reduction of dimensionality. If we slightly decrease the size of the system on which we perform
the statistics, the fluctuations become larger and larger. However, as we have already discussed in the main text, this
is not the case for the quantity P˜Norm, which is robust to the size of the system under consideration. As can be seen
from Fig. S1, as we increase the size of the system for the calculation of 1 − η, the curve slowly tends to the one
obtained by studying the purity dynamics of a system of much smaller dimensionality.
Figure S1. Left panel : The indicator 1− η as a function of the magnetic field hz for different sizes of the total system. Only
the odd subspace was taken into account for the calculation. Right panel : Same indicator 1 − η for a case of L = 14 spins
(D = 16384) together with P˜Norm for a case of L = 6 spins (D = 64), both as a function of the magnetic field hz. In both
panels, interaction parameters are set as hx = 1, Jk = 1 ∀ k, T = 50. For the computation of P˜Norm, 50 realizations considering
different random initial pure states were performed.
AVERAGE OVER DIFFERENT REALIZATIONS VS A SINGLE REALIZATION
Since the standard chaos measures rely on the spectral and statistical properties of the entire system, being
independent of the initial state, we have defined the quantity P˜Norm as an average over several random initial pure
states such as to avoid privileging any particular initial condition. Nevertheless, it is also important to analyze in
general what is the behaviour of this quantity for a single realization and verify that the variance of the averaged
quantity is also small. This is precisely what is shown in Fig. S2 for different sizes of the total spin chain. We can see
that even a single realization is sensitive to the integrable to chaos transition and the variance of the averaged quantity
2is in general quite small, being a little higher as the strength of the magnetic field hz increases. We remark that this
is consistent with our result illustrating the implications in quantum control experiments (see Fig. 3), where only a
single realization considering a fixed random pure initial state was considered.
Figure S2. Left panel: Normalized average purity PNorm for a single realization considering different sizes of the environment
together with the chaos parameter 1− η, both as a function of the magnetic field hz. For computing 1− η, a chain composed of
L = 14 spins (D = 16384) was selected and only the odd subspace was taken into account (Deven ≈ 8192). Right panel: Average
purity P without normalizing, as a function of the magnetic field hz. The linewidth of each curve represents the variance
considering 50 different realizations of random initial pure states. In both panels, interaction parameters are set as hx = 1,
Jk = 1∀ k = {1, 2..., L− 1} and T = 50.
